DFF-413/05/04 



Moose models with vanishing S parameter 

R. Casalbuoni, S. De Curtis, D. Dominici 
Department of Physics, University of Florence, and INFN, Florence, Italy 

(Dated: February 1, 2008) 

In the linear moose framework, which naturally emerges in deconstruction models, 
we show that there is a unique solution for the vanishing of the S parameter at 
the lowest order in the weak interactions. We consider an effective gauge theory 
based on K SU{2) gauge groups, K + 1 chiral fields and electroweak groups SU{2)l 
and U{1)y at the ends of the chain of the moose. S vanishes when a link in the 
moose chain is cut. As a consequence one has to introduce a dynamical non local 
field connecting the two ends of the moose. Then the model acquires an additional 
custodial symmetry which protects this result. We examine also the possibility of 
a strong suppression of S through an exponential behavior of the link couplings as 
suggested by Randall Sundrum metric. 



I. INTRODUCTION 



Even after the very precise measurements made at LEPI, LEPII, SLC and TEVATRON, 
the problem of the nature of the electroweak symmetry breaking remains to be unveiled. In 
particular, the Higgs particle has not been observed. 

An approach to the problem of electroweak symmetry breaking is offered by techni- 
color (TC) theories where the Higgs is realized as a composite state of strongly interacting 
fermions, the techniquarks. However the TC solution suffers the drawback arising from the 
electroweak precision measurements. These difficulties, especially the ones coming from the 



experiments at the Z po 



e, can be summarized in a single observable. This quantity is the 



so called S parameter |l|,^or the related es = g'^S/{16iT) ^. The experimental value of 
es is of the order of 10~^ 4], whereas the value expected in TC theories is naturally an 
order of magnitude bigger. There are other two important quantities which parameterize 
the electroweak observables at the Z-pole, ei and €2 [3] (the parameters T and U in the 
notations of Ref. . Contrarily to €3 these two parameters can be made generally small 

due to the custodial symmetry SU (2) which is typically present in the TC models. As far 



as €3 is concerned an enhanced symmetry SU{2) (g) SU{2) is necessary to make it small 
It turns out that producing this symmetry is quite difficult in TC theories. 



A possible solution to the problem of 63 was proposed in Refs. (see also Ref. j^). 

This was realized in terms of an effective TC theory of non linear a-model scalars and massive 
gauge fields. The model contains three non linear SU{2) fields and two SU (2) gauge groups 
(before introducing the electroweak gauge interactions). The physical spectrum consists of 
three massless scalar fields (the Goldstone bosons giving mass to the gauge vector particles) 
and two triplets of massive vector fields degenerate in mass and couplings. This model, 
named degenerate BESS model (D-BESS), has an enhanced custodial symmetry such to 
allow e3 = at the lowest order in the electroweak interactions. 

A more general case with n + 1 gauge groups SU (2) and n + 2 non linear cr-model scalar 
fields was studied in Ref. IqI ■ This model has the same content of fields and symmetries 
of ope„ Hne„ .00. Q Q Q but a .0. .ene.^ ,a..„g,a. In fac, . tKe 



linear moose models the scalar fields interact only with their nearest neighborhood gauge 
groups along the chain. Therefore a linear moose looks as a linear lattice with lattice sites 
represented by the gauge groups and links by the scalar fields. This structure is particularly 

12, 1^. Its continuum 
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interesting and it is the basis of the " deconstruction" models jlO . 
limit leads to a 5-dimensional gauge theory. It is also possible to start with a 5-dimensional 
theory, discretize (or deconstruct) the fifth dimension and obtain a linear moose. 

The typical value of 63 obtained in the linear moose models is of the same order of 
magnitude as in the TC theories. However, in this class of models we have an example, 
the D-BESS model, giving €3 = (at the lowest order in weak interactions). Then it 
seems natural to investigate the possible solutions to €3 = within the moose models. We 
have indeed found a general solution which turns out to be a simple generalization of the 
mechanism present in D-BESS. 

In Section |n] we introduce the notations and the main constitutive elements of a linear 
moose model such to describe the electroweak symmetry breaking in a minimal way. In 
particular this requires that, after the gauge fields have acquired mass, only three massless 
scalar fields (the ones giving masses to W and Z) should remain in the spectrum, and also 
that the fermions couple to the electroweak gauge fields in the standard way. In this case 
there is no contribution to €3 from fermions. 

In Section IIIII we make use of the analysis of Ref. to get a general expression for 63. 
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The result can be written in a very compact form in terms of a particular matrix element 
(the one between the ends of the moose) of Mg"^, where M2 is the quadratic mass matrix 
of the gauge bosons. We express also this matrix element in terms of the decay coupling 
constants (or link couplings) of the scalar fields. As a by-product we get the result that €3 
is a semi-positive definite expression (see also Refs. |l4.ll5[ llfi|). 

In Section |TV| we investigate the possible models with €3 = 0. We show that the unique 
solution corresponds to have a vanishing decay coupling constant (or more, in an independent 
way). However, letting two or more couplings to zero in a correlated way leads to a non 
vanishing €3. This solution corresponds to cut a link and to disconnect the linear moose 
in two parts. By choosing this option one needs to introduce an additional scalar field in 
order to have the right number of degrees of freedom to give masses to Z and W . This 
new dynamical field is provided by a non local field (in lattice space), connecting the two 
ends of the original moose. Therefore, at the lowest order in the weak interactions, the 
original moose splits in three disconnected parts producing an enhancement of the custodial 
symmetry from SU{2) to SU{2) ® SU{2) and leading to a vanishing e^. We have also 
examined the case of a linear moose with a reflection symmetry with respect to the ends of 
the moose. It is again possible to have £3 = but only for an even number of gauge groups. 
The original D-BESS model corresponds exactly to this latter case with two gauge groups. 
Another relevant aspect of cutting a link is that the Goldstone bosons related to the weak 
symmetry breaking are associated only to the non local field. As a consequence the unitarity 
properties of these models are the same as in the Higgsless Standard Model. 

In Section El we give a detailed description of the D-BESS model showing its relation to 
the linear moose case with a cut. 

A value of €3 strongly suppressed is equally acceptable as the case €3 = 0. Therefore, 
in Section IVIl we examine the possibility of substituting the cut of a link with a strong 
suppression of the corresponding coupling. In particular we have examined the possibility 
of an exponential law for the couplings. In this way the decay constant at one of the ends 
of the moose is exponentially suppressed with respect to all the others. As a result 63 is 
strongly suppressed in agreement with our findings in Section HVl We have also examined a 
power-like behavior of the couplings with similar results. By requiring refiection symmetry 
in both the previous cases we have shown that the suppression is present only for an even 
number of gauge groups. At the end of this Section we have studied the continuum limit of 
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the linear moose with exponential law, which corresponds to a 5- dimensional gauge theory 
with a Randall Sundrum metric |l7|. Again we find a suppression, although not as large as 
in the discrete case. 

In Section I VI II we study the possibility of extending the linear moose to a planar one. 
In particular we show that no loops are allowed on the plane and that, by a convenient 
redefinition of the gauge couphngs, the expression for 63 is the same as in the linear case. 

Conclusions are given in Section rVIIII 

The Appendix ^ is devoted to the explicit calculation of €3 for the linear and the planar 
moose. In Appendix |Bl we prove the main result of Section IIVI 



II. A LINEAR MOOSE MODEL FOR THE ELECTROWEAK SYMMETRY 

BREAKING 



Following the idea of the dimensional deconstruction 10. Ill 



gauge symmetry approach applied to the strong interactions 



electroweak symmetry breaking 
1, 



16 



mm 



I2L ll^l and the hidden 



20 



2l| and to the 



22], we consider K+1 non linear cr-model scalar fields 
,K+1, K gauge groups, Gi, i = 1,- 



, K and a global symmetry Gl Gr. 
Since the aim of this paper is to investigate a minimal model of electroweak symmetry 
breaking, we will assume Gi = SU{2), Gl®Gr = SU{2)l SU{2)r. The Standard Model 
(SM) gauge group SU{2)l x U{1)y is obtained by gauging a subgroup of Gl ® Gr. The Ej 
fields can be parameterized as Sj = exp (z/(2/j)7fj ■ r) where r are the Pauli matrices and /j 
are K + 1 constants that we will call link couplings. 
The transformation properties of the fields are 



t 



2,- 



(1) 



with Ui e Gi, i = 1, - ■ ■ ,K, L e Gl, R E Gr. 
The lagrangian is given by 



K+1 



K 



^ 2=1 



i ^2^ 
/ J 



(2) 
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with the covariant derivatives defined as follows 



D^T^K+i — d^Tj^+i — WrA^ (3) 

where and gi are the gauge fields and gauge coupling constants associated to the groups 
Gi, i = 1, - ■ ■ ,K. 

The model described by the lagrangian (j21) is represented in Fig. ^ Notice that the field 
defined as 

U = ^l^2---^K+l (4) 

is the usual chiral field: in fact it transforms as f/ LUR^ and it is invariant under the Gi 
transformations. 

1^2 ^3 

— o — a— — o^>-«Gr 

^1 ^2 ^K-l 



FIG. 1: The linear moose model. 

The mass matrix of the gauge fields can be obtained by choosing Sj = / in Eq. (j21). We 
find 

K+l 1 K+l 

Cra^. = E /'Tr[(^,_iA; - g.A^^f] ^ - ^ {M^h.A^^A'^^ (5) 
i=i ^ i,j=i 

with 

(Ms)^ = g^ifi + fi+i)Sij - gigi+iff^^5ij^i - gjgj+iff+Aj+i. (6) 

The squared mass matrix can be diagonalized through an orthogonal transformation S. By 
calling A"^, n = 1, - ■ ■ ,K the mass eigenstates, and the squared mass eigenvalues, we 
have 

4 = E ^n4' (7) 
n=l 

and 

SUM2hSi = ml5m,n. (8) 
We will assume m„ ^ 0, otherwise the model describes an unphysical situation. 
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The vector meson decay constants are defined in terms of tlie matrix elements of the 
vector and axial vector currents between the vacuum and the one vector meson states, i.e. 



(9) 



where \A^{p,e)) is the h component of the single particle state of the n- vector boson with 
polarization e^. Notice that the vector and axial vector currents are defined as the conserved 
currents associated to the global symmetry Gl ® Gr acting at the ends of the moose. 
Therefore the vector meson decay constants can be very easily obtained by considering the 
contribution of the vector mesons to the canonical currents. Notice that only the scalar 
fields El and S/^+i transform under the vector and axial transformations according to 



vector : 
axial : 



Si 
Si 



TSi, 
V^Si, 



Sir+i 
S/r+i 



(10) 



Then, the contributions of the vector mesons to the conserved vector and axial vector cur- 



rents are 



J 



All 



vector mesons 



vector mesons 



Ka 



(11) 



It follows 



dnV — fldlSn + fx+ldRSn, 
9nA = flQlSn — fx+ldKS^ . 



(12) 



III. DETERMINATION OF es 



To compute the new physics contribution to the electroweak parameter 63 [35 we will 
make use of the dispersive representation given in Refs. for the related parameter S 

(£3 = 5'^S'/(167r), where g is the SU{2)i gauge coupling) 

^3 = / -I^^ [^VV{S) - TiAA{s)] , (13) 

47r JO 

where nvy(v4A) is the current-current correlator 

rf^xe-^''-^(J(;(^) J{;(^)) = ig>'''YivviAA){q^) + {q'-q" terms). (14) 
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It should be noticed that the 63 parameter is evaluated with reference to the SM, and there- 
fore the corresponding contributions should be subtracted. For instance the contribution 
of the pion pole to 11^^, that is of the Goldstone particles giving mass to the W and Z 
gauge bosons, does not appear in €3. In the model described by the lagrangian ^ all the 
new physics contribution comes from the new vector bosons (we are assuming the standard 
couplings for the fermions to SU{2)l x U{1)y)- Therefore from 

ImUvv{AA) = -TT J2 9lv,nA^is - ml), (15) 

Vn,An 

we get 

Substituting the expressions (fT^ for the decay vector couplings we find 

es = 9'9i9KfJhi E ^ = 9%9KfJh,{M^')iK. (17) 

In Appendix^ we have derived the following explicit expression for €3, valid for a generic 
linear moose model (the same result has been obtained in Q|): 

,3 = ,^^(i_|lM. (18) 

i=i 9i 

where we have introduced the following notations 

2/i = E^i' = 72' i = l,---,^ + l, (19) 



with 



1 ■^+^ 1 

E 72- (20) 



f2 /-^ f2 

J i=l Ji 



Therefore Y^fJi^ Xi = 1. 

From Eq. (|18|) it follows that for an open moose one has always 

63 > 0, (21) 

since < ?/, < 1, i = 1, ■ ■ ■ , K + 1. The positivity of €3 is a simple consequence of the 
positivity of all the matrix elements of M2'^. This can be proved by using the decomposition 
of M2 (see Eq. (jH))) in triangular matrices. The positivity of €3 was already noticed [3| 



for the warped 5 dimensional mode^ 



and for the deconstructed QCD 



s (whose deconstruction generates linear moose models) 
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Furthermore if all the /j and the gauge couplings gi are of the same order of magnitude, 
the typical size for is 

63 ~ fj. (22) 

- n 

However, since the experimental value of es is of the order 10 ^ j^, in order to get a realistic 
model, one should have strongly coupled vector bosons A^. 

As a simple example, let us consider the case K = 2. The result for is: 

_ 9^ r2 j2 r2 ifl + /I + (/I + /I )fi'2 /no\ 

'~9br^'^' if?fi + f?fi + fifiy ■ ^ ^ 

Analogously for K = 3 we obtain 

9 p2 £2 £2 £2 
^3 = 999/1 /2 /s J 4 ^ 

919293 

(AVI + /I/I + /iVI)^?^?2^ + (/f + mi + fl)9l9l + (/I/I + /I/I + /l/l)^?i^3^ .,4^ 

(/f /I/I + /f /I/I + /I/I/I + /l/l/l)^ ■ ^ ^ 

IV. CUTTING A LINK 



Is there a possibility to get 63 = at the lowest order in the weak interactions? This can 
be realized by noticing that if one of the /«, with i = 2, ■ ■ ■ , K, vanishes, the mass matrix 
M2 is block-diagonal. The case /i = or Jk+i = implies the vanishing of 63 in a trivial 
way due to Eq. ()17p and the fact that the matrix M2 is not singular under these hypothesis. 
This general result can be explicitly verified for A^ = 2 and K = 3 (see Eqs. (PHj) and ((23) )■ 
We will refer to this situation as "cutting a link". In such a case also M2~^ is block-diagonal, 
implying the vanishing of £3. This can be also derived from the explicit expression ()18j) . 
Let us choose fm = 0, then Xi = 6i^m and yi = Yl)=i ^j,m = Oi,m, where we have defined the 
discrete step function 

for z > j, 
^''^ = 10, for I < J. 

Then we obtain 

e3 = /f;^^^^%^ = 0. (26) 

i=i 9i 

However cutting a link corresponds to lose one scalar multiplet which is necessary to give 
masses to the gauge bosons of the standard SU{2)l x f/(l)y. We can solve this problem by 
adding to the lagrangian of the linear moose a term given by 

flTT[d,U^d^Ul (27) 
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where U is the chiral field given in Eq. Q and /o is a new parameter related to the Fermi 
scale. 

Correspondingly there is an enhancement of the symmetry from Gl ® Gr (8> Y{f=i Gi to 

L{R) is a copy of Gl{r) 



Gl® Gr ® Gl® Gr ® Ilf=i Gi, where Gl{r) is a copy of Gl{r) and U transforms as 



U LUR\ (28) 
with L{R) G Gl{r)- The lagrangian for the model, with the m link cut, is given by 

m— 1 

C = f^Tr[d,U^d'^U] + Y: f^Tr[D,J:lD>^E,] 

i=l 

K+1 1 K 

+ E /fTr[D,SjD'^S,]--ETr[(F;j2]. (29) 

i=m+l 1=1 

As already mentioned, it has an enhanced symmetry with respect to the lagrangian (j2)) 
since the global symmetry Gl® Gr under which the kinetic term for the field U is invariant 
does not coincide with the symmetry Gl® Gr acting upon the scalar fields Si and S^+i- 
These two global symmetries are to be identified only after the gauging of the electroweak 
symmetry. The model corresponding to the lagrangian (j^^ is shown in Fig. |21 Before the 
weak gauging we have three disconnected chains and this is the reason why the symmetry 
gets enhanced. Clearly the main difference with respect to the linear moose model is the 
fact that a link is cut and the invariant term containing the scalar field is substituted by 
the invariant involving the field U coupling the two ends of the chain. Cutting a link implies 
that, in the unitary gauge, the gauge fields become massive by eating the Sj fields, 
while the U field contains the Goldstone bosons which give masses to the standard gauge 
bosons once the gauge group SU{2)l x f/(l)y is switched on. This additional term does not 
contribute to es because the U field does not couple to the gauge fields A^, i = 1, ■ ■ ■ , i^; as 
a consequence the gauge boson mass matrix M2 remains unchanged. 

It is also worth to notice that the enhanced symmetry acts as a custodial symmetry and 
this explains why the parameter is vanishing [5|. 

Of course the enhanced symmetry is broken by the weak gauging and corrections to €3 
of order a(M^/M)^, where M is the mass scale of the new vector bosons (see Refs. j^El)) 
are expected. 

In the linear moose model described by the lagrangian Q one has the possibility of 
making €3 small by choosing one /j much smaller than the other ones: an explicit calculation 
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will be presented in Section IVll However in this case there is no additional symmetry which 
protects the result. 

In both cases, the parameters ei and €2 are zero, at the lowest order in the weak interac- 
tions, because of the presence of the usual SU{2)l+r custodial symmetry. 

In the Appendix B of [9] it was already shown that in the case of Gi = SU{2) for 
i = 1, ■ ■ ■ , K and Gl(_r) = S'f/(2)i(R) one exactly gets ei = and, requiring the decoupling 
of the gauge fields A^, the parameter /q in Eq. satisfies /q = {\^Gf)~^- 

Concerning the fermions, if we assume the usual representation assignments with respect 
to SU{2)l X [/(l)y, mass terms can be generated by Yukawa couplings to the U field. In 
this case fermion couplings to W and Z are the standard ones if we neglect the effect of 
the mixing with the additional vector bosons. Of course it would be possible to add new 
couplings of the fermions to the gauge bosons. These new couplings would modify 63 but, 
in order to get the necessary cancellation to fulfill the electroweak constraints, one would 
need a fine tuning of the parameters (as an example, see the BESS model corresponding to 
K = l, Ref. 12^). 



G,^^^ ^m^2 ^^^3^ 

Gl* *Gf 

U f 



FIG. 2: Graphic representation of the linear moose model with the m link cut described by the 
lagrangian \29^) . The dashed lines represent the identification of the global symmetry groups after 
weak gauging. 

Up to now we have not required the reflection invariance with respect to the ends of the 
moose. If we do require invariance we get the following relations among the couplings 

fi = /x+2-i, 9i = QK+l-i- (30) 

If K is odd we have an even number of scalar fields and, putting one link coupling fi to zero, 
implies to cut two links (the two connected by the reflection symmetry). This leads to an 
unphysical situation, since a multiplet of vector fields remains massless. This is illustrated 
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in Fig. 121 The original string is broken in three pieces with the central one containing 
more vector fields than scalar ones. As a consequence there are massless vector fields in 
the spectrum of the theory. In this case the matrix M2 is singular and the Eq. ()17|1 is 
not applicable as it stands. However, as we shall see, £3 can be defined through a limiting 
procedure. 

• — O — O O — 

FIG. 3: For K odd, putting one of the fi 's to zero in a reflection invariant model, one is left with 
a string containing more vector fields than scalars. 

FIG. 4: For K even, cutting the central link we are left with two strings, each of them ending with 
a gauge field. 

The situation is different for K even, since in this case we can cut the central link, 
remaining as depicted in Fig. |3 That is we are left with two strings disconnected, each of 
them with a gauge field at one end point. Therefore for K = 2N the lagrangian is given by 
the formula with m = N + 1 with the field U expressed as 

f/ = El ■ ■ ■ T^N+l ■ • ■ ^2N+l- (31) 

Another interesting point is that, due to the refiection invariance, the mass matrices of 
the two disconnected strings containing the E fields are equal. Therefore there is complete 
degeneracy between vector and axial vector resonances. The models so obtained can be 
considered as a generalization of the D-BESS model, corresponding to iV = 1, as shown in 
Section El 

As a general result, it is possible to build a model with £3 = and an extra custodial 
symmetry even without requiring the refiection invariance. 

Finally let us mention the unitarity bounds. In general for a cut linear moose model the 
longitudinal components of the electroweak gauge bosons are only coupled to the U field. 
As a consequence the corresponding scattering amplitudes violate partial wave unitarity at 



12 



the same energy scale as in the Higgsless SM. Therefore the violation of unitarity is not 
postponed to higher scales as in the 5 dimension Higgsless model, which, however, seem to 
be difficult to be reconci 
brane kinetic terms 



ed with the precision electroweak measurements unless one includes 



V. THE D-BESS MODEL 

From the general formalism developed in the previous Sections, assuming K = 2 and 
reflection invariance, one can easily derive the lagrangian of Ref. (ol, describing new vector 
and axial vector gauge bosons in the Higgsless SM, in two particular cases. Let us recall 
that, requiring gauge invariance and symmetry under reflection, the most general invariant 
lagrangian is 

C = --v^ [ai/i + a^h + aa/s + a,h] -\y. Tr[(i^;j'] (32) 



with 



where 



and 



h = Tr[(\/i -V2- V,)\ h = Tr[(Fi + V^g)'], 

h = TT[{Vr-V:,fl h = i:T[Vil (33) 

Vr = ^{D^^i, = E2D^^l Vi' = S2(S3D^SJ)SL (34) 



Z^^Sa = 5^S3 - ^^724^3. (35) 

The invariance under reflections implies 

Sg^Sl, S2^S| Al^Al g, = g2, (36) 

where Aj^ and Aj^ are the gauge flelds related to the gauge groups Gi and G2 respectively. 
We can now select two particular cases: 



1) - The linear moose model . By choosing 

ai = 0, a2 = 03, 



(37) 
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we have 

2 



>C = E /^TrP.EtD^S,] - \ Tr[(F;j^], (38) 

with 



2 . 

1=1 «=i 



fl = fl = \a,v\ fl = \a,v\ (39) 

This is indeed the lagrangian for a hnear moose with three hnks and two gauge fields with 
refiection invariance (see Refs. and js^])- The corresponding diagram is shown in the 
left panel of Fig. El 

U 



FIG. 5: The left panel gives a graphic representation of the lagrangian \3'J\) for ai = 0, 02 = 03. 
The right panel gives a graphic representation of the D-BESS model lagrangian The dash 

lines represent the identification of the global symmetry groups after the electroweak gauging. 

2) - The D-BESS model 0, Q|- This corresponds to the choice 

04 = 0, 02 = 03, (40) 

giving 

/^D-BESS = f Tr[9^f/t9'^f/] + /2 (Tr[D^SlD^Si] + TrfD^S^D^Sg]) , (41) 



with 

4"^" ' 2 



f = ]a,v\ fl = \a,v\ (42) 



and 

U = S1S2S3. (43) 

The diagram corresponding to the previous lagrangian is shown in the right panel of Fig. 
El Before the electroweak gauging we have three disconnected chains and this is the reason 
why the symmetry ^^712)^ JlLi SU{2)i ® SU{2)r gets enhanced to [SU{2) ® SU{2)f. 

We have shown in j6[ that in order to have vanishing parameter €3, or S, at the lowest 
order in the weak interactions, 04 = is necessary. This is equivalent to eliminate from 
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the lagrangian the term corresponding to the central hnk. The requirement 02 = imphes 
degeneracy between vector and axial vector gauge bosons. Since the contribution of the 
vector and of the axial vector particles are of opposite sign, one gets exactly 63 = S* = 
at the leading order. However, as we have already noticed in Section IIIH it is possible to 
build a model with 63 = and an extra custodial symmetry even without requiring the 
reflection invariance. In other words the degeneracy of vector and axial vector resonances is 
not necessary to ensure €3 = 0. 



We have shown in Appendix iBl that, in order to get a vanishing €3, the necessary and 
sufficient condition is that one and only one of the link couplings fi is zero. As a consequence, 
by requiring reflection invariance, €3 = can be achieved only if K is even. On this basis it 
is easy to see how a suppression of €3 (a smoother situation with respect to the vanishing) 
can be realized. In fact, it will be enough to require that a link is suppressed with respect to 
all the others. In this case however it is not necessary to consider the additional dynamical 
degree of freedom given by the chiral field U, and therefore there is no additional custodial 
symmetry for e3. 

A simple model grasping the main features is obtained by assuming an exponential law 
for the link couplings fi, and equal gauge couplings 



Here / is an overall scale not playing any role in the dimensionless quantity e3. By 
contrast the relevant parameter is c since it controls the amount of suppression. By using 
Eqs.dH}, (Uni) and (1201), we easily obtain 



VI. SEWING THE CUT 



f^ = fe' 



,c(i-l) 



9i = 9 i = l,---,K+l. 



(44) 



f 



■2 




sinh c 



(45) 



sinh c{K + 1) ' 



g-2cigC(ii-+2) 



sinhc 



(46) 



sinh 0(^^ + 1)' 



and 



= 7 Mr 




(47) 
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For increasing c, the first link fi is more and more suppressed with respect to the other 
hnks. In fact for large c we get 




(48) 



Therefore the suppression factor is about 2 x 10 ^ for c ~ 2. It is interesting to look at the 
behavior of the variables Xi vs. i for fixed c. This is plotted in Fig. El 




FIG. 6: The behavior of Xi = vs. i for c = 2, K = 10 (left panel) and K = 11 (right 

panel). The dotted (continuous) lines correspond to the choice of link couplings fi without reflection 
symmetry, given in Eq. \44\ ) (with reflection symmetry, given in Eq. {4^^). 

From Fig. [HI we see that for c = 2 we are practically in the ideal situation xi = 1 and 
Xj = for i ^ 1. In Fig. [7|we show the suppression factor in £3 as a function of c. We see 
that, in agreement with the analytical result, 63 does not depend on K as soon as c ~ 2. 

We have also considered the case of reflection symmetry by assuming the link couplings 
fi of the form 

/, = /cosh[c(l + y-z)], (49) 

with f = f if = f / cosh (c/2)) for K even (odd). With this choice the central link couplings 
are equal to /. From Fig. IHlit appears clearly the difference between K even and K odd. 
In particular, for K odd there are two central Xi much bigger than the others. Therefore, in 
agreement with the discussion in Appendix ^ we expect no suppression factor. In fact, for 
large c the limiting value of the two central Xj is 0.5 and 
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FIG. 7: The behavior of = £3/(5/5)^ vs. c for different values of K, on the left (right) panel 
for the choice of link couplings fi without reflection symmetry, given in Eq. \4^4\) (with reflection 
symmetry, given in Eq. j^^^ ). The continuous lines correspond to K = 1, the dash lines to K = 2, 
the dotted lines to K = 3 and the dash-dotted lines to K = 4. 

The numerical results for €3 vs. c are given in Fig. [7| We see that the suppression factor is 
operating only for K even. 

We have also analyzed the case of a power-like behavior of the link couplings 

f^ = (51) 

with the related reflection invariant case. 

The results are similar to the exponential case. In order to have a suppression factor of 
order 2 x 10~^ we need c ~ 3 for the non symmetric case. On the other hand, when reflection 
invariance is required, we have a similar suppression only for K even and c ~ 7.5. The last 
result follows from the Xi distribution which is broader around the central links. Also in this 
case there is no suppression for K odd and 63 goes to the limiting value given in Eq. (jKn|) . 

It is interesting to observe that for any of the previous choices of fi we have 

lim/. = /. (52) 

Therefore from our general expression for (see Eq. fjl8|) ). as well from Eq. (jTTj) for c — 0, 

1 (gy K{K + 2) 



which coincides with the result of Refs. and 
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Another interesting aspect is the continuum hmit. It is known that the discretization 
of a gauge theory lagrangian in a 4+1 dimensional space-time along the fifth dimension 
(the segment of length ttR) gives rise to a linear moose chiral lagrangian after a suitable 



identification of the gauge and link couplings 
For the case of equal couplings fi we take 

K — > oo, a 0, Ka 

where a is the lattice size. We find 



3. 



6 Vg) ^' 



By introducing the gauge coupling in 5 dimensions by the relation 



9l 



we get 



9 



6 U 



(54) 



(55) 



(56) 



(57) 



in agreement with Ref. 

The discretization of a 5 dimensional gauge theory has been considered also for the warped 



metric case |2 
with 



This corresponds to a linear moose with link couplings given by Eq. 

(58) 
Then 



K 



This exponential behavior of fi corresponds to the Randall Sundrum metric 
c — * for ^ oo and a{i — 1) ^ y where y G [0, nR] is the coordinate along the fifth 
dimension. That is 

/. = fe""^'-'^ ^ fiy) = fe^y. 

Therefore in the warped case we find, from Eq. (jTTj) 

1 e^^^^ - AkTrRe^'"'^ - 1 



(59) 



2kTTR\2 



For large values of knR we get 



:i-e- 



.95, 



(60) 



(61) 



Assuming k ~ Mp;/10, R ~ lO^Mp/ and g^ = nRgl, where g^ is the gauge coupling 
obtained after dimensional reduction of the fifth dimension, it follows 63 ~ 0.008 g'^/gf- In 
the refiection invariant case we obtain €3 ~ 0.016 g'^ / g\- Therefore, also in the continuum 
limit we get a suppression factor although not as large as in the discrete case. 
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VII. FURTHER EXTENSIONS: THE PLANAR MOOSE 

Possible generalizations of the linear moose are obtained extending the moose graph in 
the plane. A realistic model for the electroweak symmetry breaking must contain only three 
independent scalar fields (the Goldstone bosons necessary to provide the masses to the 
electroweak gauge bosons) and will have additional massive vector gauge bosons. Then we 
can immediately show that the only possible diagrams are the ones with zero loops. In fact 
a moose diagram is like a Feynman diagram with lines corresponding to links and vertices 
corresponding to gauge groups. Therefore, by introducing the following notation: 



E 


= number of 


external links, 


I 


= number of 


internal links. 


Ve 


= number of 


gauge groups with i links. 


L 


= number of 


loops. 


S 


= number of 


remaining Goldstone multiplets. 



(62) 



we have 

L = I-{Y.Vi-l), (63) 

e 

S = I + E-Y.Ve. (64) 

i 

By using Eqs. (jU^ and (jMj) we get 

L = S - {E -1). (65) 

In the models considered in this paper we have associated to the external links a global 
symmetry. Therefore we need at least two external links {E = 2) in order to get the right 
weak phenomenology. This, together with the requirement of one scalar multiplet {S = 1), 
implies that the number of loops must be equal to zero. 

Avoiding loops, the way to generalize the linear moose to a planar one is to attach a 
string to each of the groups as illustrated in Fig. |H1 

For simplicity we take all the strings of equal length, with — 1 links, but as we shall see, 
the result can be immediately extended to strings of different length. As shown in Fig. |Hlwe 
introduce gauge groups G(^ij) with i = 1, ■ ■ ■ , K and j = 1, ■ ■ ■ , N, and associated fields ^(ij) 
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G(1,N) ^(2,N) 



O O 



(1,N-1) 



G 



(2,N-1) 

0_ 



(1,N-1) 
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(2,N-i: 



G 



(1,2) 



G 



(2,2) 







(1,1) 



G, 



(2,1) 



G(K-1,N) ^(K,N) 



O O 



^^(K-1,N-1) 

G 



(K,N-i; 



O 



^(K-1,N-1) 



G 



(K,N-1) 



G(K-1,2) 
^^(K-1,1) 



G 



(K,2) 







(K,1) 



G. 



G- 



G 



R 



FIG. 8: The planar moose 

with corresponding gauge couplings g(ij)- However it is convenient to identify explicitly the 
gauge fields and couplings on the original string 

= A, g{i,i) = gi i = l,---,K. (66) 

In addition to the scalar fields Sj, i = linking the gauge fields Ai, we have 

also new scalar fields ^{ij), i = l,---,K,j = !■■■, N — 1 linking the gauge fields along the 
vertical direction. We introduce the following notation 

Bi = giAi - gi+iAi+i, i = 0,---,K, (67) 

with the boundary condition 

5^0 = gK+i = 0. (68) 
Notice that the K + 1 fields Bi are not independent, since 

K 

J2B^ = 0. (69) 

We define also 



= 9{i,j)^{i,j) - 9(i,j+i)^{i,j+i), ^ = - ■ ■ j = 1, - ■ ■ ,N - 1. 



(70) 
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Then the vector boson mass term will be given by 



1 K+l 1 A' Af-1 

c^ass = ^ E f'Bl, + ^ E E (71) 



2 ^ 2 . , . , 

1=1 1=1 j=i 



where ^(ij) are new K x (A^ — 1) link couplings. As shown in Appendix A the result for 
is 

^3 = 9 E ^2 ' (72) 

i=i yi 

where 

1 ^ 1 

~I = E-^- (73) 

9i j=i 9(i,j) 

We see that the only effect of attaching a string at any of the initial groups Gi is simply to 
define a new gauge coupling according to Eq. (fTHj). 

As in the linear moose we can consider the continuum limit. Let us introduce a lattice 
size b along the vertical direction and take the limit 

6^0, N-^oo, bN^TiR'. (74) 

By defining a six- dimensional gauge coupling as 



ab 1 

gi 



(75) 



we get 



63 = ^ ( ^ ) tt'RR', (76) 
for the constant case ft = /, while for exponential fi (see Eq. (HH)) 

Notice that we do not get a suppression factor from the vertical links, since the result for ea 
does not depend on these variables. 



VIII. CONCLUSIONS 



Models with replicas of gauge groups have been recently considered because they appear 
in the deconstruction of five dimensional gauge models which have been used to describe the 
electroweak breaking without the Higgs IJ, |26|, |29|, |30|, |3l| . The four dimensional description 
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is based on the linear moose lagrangians that were already proposed in technicolor and 
composite Higgs models js^. In general these models satisfy the constraints arising from 
the parameters T and U (or ei and €2) due to the presence of a custodial SU{2) symmetry. 
However such models generally give a correction of order 0{1) (0(10^^)) to the parameter 
5* (es). In this paper we have considered a linear moose based on replicas of SU{2) gauge 
groups and with the electroweak gauge groups SU{2)l and U{1)y at the two ends of the 
moose string. After having obtained a general expression for the parameter €3, we have 
shown that a unique solution exists which guarantees £3 = 0. The corresponding model 
has an additional custodial symmetry which protects this result. It is obtained from the 
linear moose when a link is cut and a non local field connecting the two ends of the moose is 
included. This solution is a generalization of a simplest case, corresponding to the degenerate 
BESS model. It contains additional vector resonances, however their contribution to the S 
parameter is zero at the leading order in the electroweak couplings. At the same order the 
new resonances do not couple to the longitudinal W and Z. As a consequence the breaking 
of partial wave unitarity is expected to happen at the same scale as in the Higgless SM and 
it is not postponed to higher scales. 

We have also shown that it is possible to control the size of 63 by taking one of the link 
couplings much smaller than the other ones. 

A generalization to the planar case has been also investigated: we have shown that no 
loops are allowed in the moose graph and that with a convenient redefinition of the gauge 
couplings the result for S is the same as for the linear moose case. 
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APPENDIX A: EVALUATION OF €3 

In this Appendix we will obtain explicit expressions for £3 both for the linear moose and 
for its planar generalization considered in Section I VI II We start evaluating the inverse of 
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the vector boson mass matrix, M2. Actually, for 63 we need only the elements {M2^)ii and 
(M2~^)A'i where the index i runs over all the gauge fields. A technique to determine is 
to add to the mass term a source, 

^mass+source = -^A^ M2A ~ J A. (Al) 

Evaluating from this lagrangian the equations of motion and solving for the A's in terms of 
the sources J's we find 

A = M^^J, (A2) 
from which we can read the relevant matrix elements. 



1. The linear moose 

The mass term in Eq. Q can be written as 

]^ K+l 
1=1 

The variables Bi are the analogue of canonical momenta in the discrete case and are given 
by 

Bi = QiAi - Qi+iAi+i , i = 0, ■ ■ ■ , ir, ( A4) 

with the boundary condition = Qk+i = 0. Notice that the K + l fields B^ are not 
independent, since 

K 

J2B, = 0. (A5) 

i=0 

Therefore we solve the equations of motion ()A2|) . which involve three nearest neighbor- 
hoods by solving first in the i?j's and then inverting the relation between the -Bj's and 
the fields Ai. These equations involve only first neighborhoods. This is the analogue of 
converting a second order differential equation in a pair of first order equations. 

The equations of motion can be written in the following form 

-f^B,_, + fl,B, = Li, t = l,---,K, (A6) 
where we have redefined the sources as 
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We can solve for all the B^, i = 1, ■ ■ ■ , K in terms of Bq finding 



B^ = ^\Y.LJ + flBo\, t = l,---,K. (A8) 



fi+l 



U=l 



It is convenient to introduce the following variables 

1 1 f2 

7i=E72' ^^ = 72' « = i,---,^ + i, (A9) 

J i=l Ji Ji 

i K+l 

with the properties 

yi\Zi = \, yi = xi, zk = xk+1- (All) 



By summing the Eqs. ()A8|) over i from 1 to ii' and using Eq. ()A5|) we get a relation for 
Bq which can be easily solved obtaining 

Bo = -^j:z,L„ (A12) 
/ 1=1 

and 

B^ = ^(ty,L,- E %^.V (A13) 
/ \j=i j=i+i J 

By using the discrete step function given in Eq. ()25|) we can write 

/ j=i 

Notice that this equation holds also for i = 0, due to the properties of the discrete 6'-function. 
Further we need to reexpress the fields Ai in terms of the -Bj's. We find 

A = -j29,,B,. (A15) 
9i j=i 



Using Eq. ()A14|) we obtain 



iM,-%. = {M,-'U = (A16) 

gi9if gRQit 



Therefore, from the expression (fT7j) we get 



^3 = 9 2^-T = 9 1^ -2 • (A17) 

i=i yi i=i yi 
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2. The planar moose 

Starting from the mass term of the planar case, Eq. 1)711) . we get the following set of 
equations of motion by differentiating with respect to 

- + + = ^ = L,, z = l,---,K, (A18) 

- + = = ^ = l,---,i^, J = 2,---,iV. (A19) 

It is also convenient to introduce 



L(i,i) = U (A20) 



The solution of Eq. ()A19|) is 



1 ^ 

^(^.i) = ~T2~ ^ihrn)- (A21) 

m=j+l 

Inserting this result inside Eq. ()A18|) we obtain 

- ffB,_, + fl,B, = L„ (A22) 

with 

^. = E%.) = E^- (A23) 

j=i j=i y(hj) 

These equations are the same as for the linear moose with the substitution Li — > Lj. There- 
fore we get immediately 

= = -^^^ (A24) 

J 9i9{i,j) I gKg{i,j) 

where the variables Xi, yi, Zi and p are the same as for the linear moose. Therefore the 
result is 

e3 = ^7^E^^^^, (A25) 



where 



1 ^ 1 

~. = E-^- (A26) 

3i j=i 9(i,j) 
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APPENDIX B: SOLUTIONS TO £3 = 

We want to prove the following statement: = if and only if one or more fi 's are sent 
to zero in an independent way. 

We start noticing that due to the condition S^l^ Xi = 1, all the yiS, defined in Eq. (|Tn|) . 
are such that < T/j < 1. Since 63 is made off of positive terms, each of them proportional 
to < — yi) < 1/4, in order to get a vanishing 63 we need yi{l — yi)=0 for all values of 
i. This implies yi = or y^ = 1 for all i's. However, since = y^ — the same properties 
must hold true for the quantities Xj, that is Xj = and Xi = 1 for all values of i. Also we 
have already shown that 63 = if one of the /j's is chosen to vanish, see Eq. (jSHl)- Therefore 
if we send to zero several link couplings fi, we get = a fortiori. 

Let us now show that if we send more than one fi to zero in a correlated way, then £3 7^ 0. 
Assume that p of the constants fi go to zero with the variable 77 in a simultaneous way 

f^ = Cir], Ci>0, zeV. (Bl) 

Here i takes p values in the subset V of the set (1, ■ ■ ■ , + 1). Notice that the assumption 
of correlation implies that the coefficients Cj are strictly positive. In the limit — >^ we get 
immediately 

J 'I iQ-p 



It follows 



Xi= { ^ie^ i (B3) 
i^V. 

Unless the set V contains a single element we have 

Xi < 1, ieV. (B4) 
As a consequence some of the |/j's is neither zero nor one and 63 is not vanishing. 
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